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INVERSION-CLOSED RINGS ON UNIFORM SPACES
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The uniform analogues of Stone and Gelfand-Kolmogoroff theorems on characterization of Tychonoff spaces by
means of the rings of all (bounded) continuous functions have been proved.
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Introduction

Given paper is an organic continuation of the previous paper “On B-like compactification of the uniform
spaces”, so all denotations and references from the first paper are similar.

Main results

Let WZ(C: (/ZIX))(W[(C: (X)) , M(C, (X))) be a collection of all maximal ideals of commutative ring
with unity C, ( B.X ) (C (X ), C, (X )) with the Stone topology [1]. For a compactification £, X the Stone
Theorem is formulated as it follows down:

Theorem 2.1. [1]. For a compactification B,X the maximal ideals of C*(ﬂ”X) are in the one-to-one
correspondence with the points of ,X and are given I; = {f eC” (,BMX) : f(p) = 0} for pis a point of B, X .

Let Wl(C* (ﬂ,X)) be denote as M (B,X), WI(C: (/Z,X)) as M (uX) and M(C, (X)) as M (uX).

Theorem 2.2. [1]. A compact space B,X is homeomorphic to the maximal ideals space M" (ﬂ”X).

The following corollary is immediately implicated from the observation that the ring C, (X ) is isomorphic
to C"(B,X).

Corollary 2.3. A compactification ,X is homeomorphic to the maximal ideals space M’ (uX )

If C;(X) and C;(Y) are isomorphic for a uniform spaces uX and vY, then M"(uX) and M (vY) are
homeomorphic.

Corollary 2.4. For a uniform spaces uX and vY its compactifications B,X and BY are homeomorphic
ifand only if C,(X) and C.(Y) are isomorphic.

From the Theorems 2.4, 2.8., 2.16 of the previous paper the next result holds.

Corollary 2.5. Let uX and vY be the first-countable uniform spaces. Then uX is coz— homeomorphic to
vX ifand only if C,(X) is isomorphic to C, (Y).

Corollary 2.6. Let uX and vY be the first-countable coz— fine uniform spaces. Then uX is uniformly
homeomorphic to vY if and only if C, (X) is isomorphic to C; (Y).
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Corollary 2.7. Let uX and vY be the first-countable coz — fine uniform spaces. Then a completion 1 X is
uniformly homeomorphic to a completion w,Y if and only if C, (X) is isomorphic to C, (Y) .

For coz— fine uniform spaces X and vY C,(X)=U"(uX) and C,(Y)=U"(vY) [2], [3].

Corollary 2.8. Let uX and vY be the first-countable coz — fine uniform spaces. Then a completion 1 X is
uniformly homeomorphic to a completion 1Y if and only if U (uX) is isomorphic to U® (vY).

Corollary 2.9. Let uX and vY be a complete the first-countable coz— fine uniform spaces. Then uX is
uniformly homeomorphic to vY if and only if U” (uX) is isomorphic to U” (VY).

For the C;(X) we can utilize the ring isomorphism f > S,/ of C,(X) and C"(f,X) to characterize
the maximal ideals of C; (X) in terms of B X .

Theorem 2.10. The maximal ideals of C, (X) are in the one-to-one correspondence with the points of 5, X
and are given I, = {f eC'(X):8.f(p)= 0} Jor pis a point of B, X .

For the relate z, —filters and z, — ultrafilters to the ring C, (X) consider the function £ :C,(X)— 2,
(Z(f)=r"(0)ez, for feC,(X)). The following result is analogue [4, 2.3] and shows that the image of an
ideal (maximal ideal) under Z is a z, —filter (z, — ultrafilter) and that the preimage of a z, —filter (z, -
ultrafilter) is an ideal (maximal ideal).

Proposition 2.11. (a) If I is a proper (maximal) ideal in C,(X), then Z(l)z{Z(f):f el} isa z,—
filter (z, — ultrafilter) on uX .

) If F is a z,—filter (z,—ultrafilter) on uX, then Zﬁl[f]z{feCu(X):Z(f)ef} is an
(maximal) ideal in C, (X)

Theorem 2.12. The maximal ideals of C, (X) are in the one-to-one correspondence with the points of f3,X

and are given 1, :{f eC,(X):p E[Z(f)]/;ux} Jor pis a point of ,X .
Proof. It is analogically to the proof of Theorem 1.30 [5].
Corollary 2.13. A compactification [,X is homeomorphic to the maximal ideals space M (uX )
Proof. It is analogically to the proof of Corollary 1.31 [5].
If C,(X) and C,(Y) are isomorphic for a uniform spaces uX and vY, then M(uX) and M(vY) are

homeomorphic. Q.E.D.
Corollary 2.14. For a uniform spaces uX and vY its compactifications [,X and BY are homeomorphic

to each other if and only if M(MX ) and M (vY ) are isomorphic to each other.

Corollary 2.15. Let uX and vY be the first-countable uniform spaces. Then uX is coz — homeomorphic to
vX ifand only if C, (X) is isomorphic to C, (Y)

Corollary 2.16. Let uX and vY be the first-countable coz— fine uniform spaces. Then uX is uniformly
homeomorphic to vY if and only if C, (X) is isomorphic to C, (Y)

Corollary 2.17. Let uX and vY be the first-countable coz — fine uniform spaces. Then a completion 1, X
is uniformly homeomorphic to a completion Y if and only if C, (X) is isomorphic to C, (Y)

For coz — fine uniform spaces X and v¥ C,(X)=U(uX) and C,(Y)=U(vY) [2], [3].

Corollary 2.18. Let uX and vY be the first-countable coz— fine uniform spaces. Then a completion p, X
is uniformly homeomorphic to a completion Y if and only if U(uX) is isomorphic to U(VY).
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Corollary 2.19. Let uX and vY be a complete the first-countable coz— fine uniform spaces. Then uX is
uniformly homeomorphic to vY if and only if U(uX) is isomorphic to U(VY).

Remark 2.20. Note, that Theorem 2.10 is a uniform analogue of Stone Theorem [1] and Theorem 2.12 is a
uniform analogue of Gelfand — Kolmogoroff Theorem [6].
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