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Definition 1. Let ( , )M A  be a smooth manifold of dimension n , where A – rC  atlas. A family 
{ ; }F L Bα α= ∈  of path-wise connected subsets of M is called k – dimensional foliation if it satisfies to fol-

lowing three conditions: 
(F1)

B

L Mα
α∈

=∪ ; 

(F11) For every , Bα β ∈  if ,α β≠  then Ш L Lα β∩ =  
(F111) For any point p M∈  there exists a local chart (local coordinate system) ( , ) ,U A p Uφ ∈ ∈  so that 

if ØU Lα∩ ≠  the components of ( )U Lαφ ∩  are following subsets of parallel affine planes  

( ) ( ){ }1 2 1 1 2 2, ,..., : , ,...,n k k k k n nx x x U x c x c x cφ + + + +∈ = = =  

where numbers 1 2, ,...,k k nc c c+ + are constant on components. 
The most simple examples of a foliation are given by integral curves of a vector field and by level sur-

faces of differentiable functions.  
Using a condition 3 of definition –1 it is easy to establish that there is a differential structure on each 

leaf such that a leaf is immersed k-dimensional submanifold of M, i.e the canonical injection is a immersing 
map (a map of the maximum rank). Thus on each leaf there are two topology: the topology Mτ  induced 
from M and it's own topology Fτ  as a submanifold. These two topologies are generally different. The topol-
ogy Fτ  is stronger than topology Mτ , i.e. each open subset of Lα  in topology Mτ  is open in Fτ  

The leaf is Lα  called as proper if the topology Fτ  coincides with the topology Mτ  induced from M. If 
these two these topology on Lα  do not coincide, the leaf is called as not proper leaf. In work [2] the follow-
ing assertion is proved which takes place for foliations with singularities too. 

Proposition. If a leaf is a closed subset of M then it is a proper leaf. 
Let L be a leaf of F. Point y М∈  is called a limit point of the leaf L  if there is a sequence of points 

my  from L which converges to y in topology of manifold M and does not converge to this point in the topol-
ogy of the leaf L [2]. 

Set of all limit points of the leaf L we will denote through ( )LΩ . ( ) ( )L y L⊂ Ω . In work [2] the follow-
ing is proved 

Theorem 1. (1). The leaf 0L  is proper leaf if and only if ( )0 0 0L L∩Ω = ; 

(2). The leaf is 0L  is not proper leaf if and only if ( )0 0L LΩ = , where 0L −  is the closure of 0L  in 
manifold M. 

For two leaves 1L  and 2L  we will write in 1 2L L≤  only in a case when 1 2( )L L⊂ Ω . The inequality 

1 2L L<  means 1 2L L≤  and 1 2L L≠ . The relation ≤  on the set of leaves has been entered by T. Nisimori in 
the paper [3]. 
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We will denote through ( / , )M F ≤  set of leaves with the entered relation on it. It is obvious that the ≤  
on /M F  reflective and is transitive, but in many cases this relation is not asymmetric, therefore generally 
the set ( / , )M F ≤  is not partially ordered.T.Nisimori was interested in the case where ( / , )M F ≤  is a par-
tially ordered set. Except that T.Nisimori has entered concepts of depth of a leaf L and depth of foliation F as 
follows: {( ) supd L k=  there exist leaves 1 2, ,..., kL L L  such that }1 ... kL L L L< < < = , 

( ) sup{ ( ) / }d F d L L M F= ∈ . 
The following theorem is proved in paper [2] shows that there exists one dimensional analytical folia-

tion generated by integral curves of analytical vector field which have leaves of depth equal to 1, 2 and 3. 
Theorem 2. Let 2S S×  be k  dimensional sphere .On the manifold 2S S×  there exists an analytical 

vector field without singular points and with three pairwise different integral curves α , β , γ  such that 
( )α β⊂ Ω , ( )β γ⊂ Ω , where α  is a closed trajectory, ( )βΩ  consists of only closed rajectories, ( )γΩ  

consists of only the trajectories of depth equal to two.  
This vector field generates one-dimensional foliation of the depth equal to 3.  
In the paper [3] for codimension one foliation the following theorem is proved: 
Theorem 3. If ( )d F < ∞  or all leaves of foliation F are proper,then the set ( / , )M F ≤  is partially or-

dered. 
Nishimori, studying property codimension one foliation in the case when the set ( / , )M F ≤  is a par-

tially ordered, has delivered following questions which are of interest for foliation with singularities too [3]:  
1. Are all leaves of foliation F proper under the assumption that the set ( / , )M F ≤  is partially ordered? 
2. Is a leaf L − proper under the assumption that dL < ∞ ? 
A.Narmanov studied the relation ≤  for foliation with singularities in the paper [4]. In particular, he 

proved the following theorems which solves problems 1, 2 delivered by Nishimori. 
Theorem 4 [4]. Let /M F  be the set of leaves of foliation F with singularities. Then the set ( / , )M F ≤  

is a partially ordered if and only if all leaves are proper. 
Theorem 5 [4]. If the depth of a leaf is finite, then it is proper leaf. 
In 1976 in Rio de Janeiro at the international conference the attention to the question on possibility of 

the proof of theorems on local stability for noncompact leaves has been brought. In 1977 the Japanese 
mathematician T.Inaba has constructed a counterexample which shows that if codimension of foliation is not 
equal to one G. Reeb's theorem cannot be generalized for noncompact leaves [18]. 

Let's bring the theorem on a neighborhood of a leaf with finite depth which is generalization of the theo-
rem of J.Reeb on local stability for transversely oriented codimension one foliation. 

Let F be a codimension one foliation, L be a some leaf of F with finite depth, ρ  – distance function de-
fined by some fixed riemannian metric on M. 

Let's enter set { : ( , ) }, 0rU y M y L r rρ= ∈ < > , where ( , )y Lρ - distance from the point y  to the leaf L. 
Theorem 6 [6]. Let F be a transversely oriented codimension one foliation on compact manifold M .If 

the holonomy pseudogroup Γ  the leaf L is trivial, for each 0r >  there is a invariant open set V containing L 
and consisting of leaves diffeomorphic to L which satisfies to following conditions:  

1) rV U⊂ ; 2) dL dLα =  for each leaf L Vα ⊂ . 
One more generalization of G. Reeb theorem for a noncompact leaf is resulted below.For this purpose 

we will bring some definitions. 
Let 0L  a leaf of codimension one foliation F, ( ){ }0: ;rU x M x L rρ= ∈ < , where ( )0,x Lρ – distance 

from the point x to a leaf 0L . We will assume that there is such number 0 0r >  that for each horizontal curve 
[ ] 0

: 0;1 rh U→  and for each vertical curve [ ] 0: 0;1 Lν →  such that ( ) ( )0 0hν =  there exists vertically-

horizontal homotopy for pair ( ),hν . At this assumption we formulate generalization of the theorem of J. 
Reeb. 
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Theorem 7 [8]. Let F a transversely oriented codimension one foliation, 0L  be a relatively compact 
proper leaf leaf with finitely generated fundamental group. Then if holonomy group of the leaf 0L  is trivial 
then for each 0r >  there is an saturated set V such that 0 rL V U⊂ ⊂  and restriction of F on V is a fibrarion 

over 1R  with the leaf 0L . 
Let M  smooth connected complete riemannian manifold. Then on M there are two parallel foliations, 

mutually additional on orthogonality. If M simple connected manifold then the de Rham theorem takes place 
which asserts that M is isometric to direct product of any two leaves from different foliations. In this case 
both foliations are riemannian and total geodesic simultaneously. Below it is presented results of authors on 
geometry of riemannian and totally geodesic foliations. 

Let's assume that F is a riemannian foliation with respect to riemannian metric g on M. Let's denote 
through ( )L p  a leaf of F passing through a point p , ( )F p −  tangent space of leaf at the point p , ( )H p − or-
thogonal complementary of ( )F p  in pT M , p M∈ . There are two subbundle (smooth distributions), 

{ }( ) :TF F p p M= ∈ , { }( ) :H H p p M= ∈  of tangent bundle TM such, that TM TF H= ⊕  where H  is 
orthogonal addition TF. 

Let 1 2: , :TM TF TM Hπ π→ → −  be orthogonal projections, ( ), ( ), ( )V M V F V H  be the set of 
smooth sections of bundles ,  ,  TM TF H  accordingly. Now we will assume that each leaf of F is total geo-
desic submanifolds of M. It is equivalent to that, ( )X Y V F∇ ∈  for all , ( )X Y V F∈  [1, p.47–61], where ∇ −  
Levi-Chivita connection. In this case F is a riemannian foliation with total geodesic leaves. Then on bundles 
TF  and H  are given metric connections 1∇  and 2∇  as follows. If ( ), ( ), ( )X V F Y V H Z V M∈ ∈ ∈  we 

will put 1
1( ),Z ZX Xπ∇ = ∇  

2
2

2 1 2, ,Z ZY Z Y Yπ π ⎡ ⎤⎡ ⎤∇ = + ∇⎣ ⎦ ⎣ ⎦ , where 1 2Z Z Z= ⊕ , 1 ( )Z V F∈  2 ( )Z V H∈ , 

( ),Y V M∈  2Y Yπ = .We will intrjduce metric connection ∇  as follows: 1 2
1 2Z Z ZX X X∇ = ∇ + ∇ , where 

( ),X Z V M∈ , ( )i iX Xπ= , 1,2i = . It is not difficult to check up that distributions TF  and H are parallel 
with respect to ∇ .The following theorem shows that if distribution H is complete integrable, connection ∇  
coincides with Levi-Chivita connection ∇ . 

Theorem 8 [9]. Following assertions are equivalent.  
1. Distribution H is complete integrable . 2.∇  is connection without torsion (i.e ∇ = ∇  ).  
The remark. As shows known Hopf fibration of on three-dimensional sphere, the distribution H it is not 

always complete integrable. 
In the known monograph [1] Ph. Tondeur studied function 1:f M R→  without critical points on Rie-

mannian manifold M for which length of a gradient is constant on each level surface. For such functions he 
has proved that Foliation generated by level surfaces of such function, is a Riemannian Foliation.  

Definition 1.2. Let M – smooth manifold of dimension n. Function 1:f M R→  of the class 

( )2 1,C M R  for which length of a gradient is constant on connection components of level sets is called a 

metric function. 
The following theorem gives complete classification of foliations generated by level surfaces of metric 

function [7]. 
Theorem 9 [7]. Let 1:f M R→  be a metric function given in nR . Then level surfaces of function f 

form foliation which has one of following n types: 
Foliation F consists of parallel hyperplanes;2) Foliation F consists of concentric hyperspheres and the 

point (the center of hyperspheres);3) Foliation F consists of concentric cylinders of the kind 1n k kS R− − ×  
and the singular leaf kR  (which arises at degeneration of spheres to a point), where k – the minimum of di-
mensions of critical level surfaces, 1 2k n≤ ≤ − . 
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НЕКОТОРЫЕ КАРДИНАЛЬНЫЕ ФУНКЦИИ И СЛАБОНОРМАЛЬНЫЙ ФУНКТОР 

Р.Б. Бешимов, Р.М. Жураев 

В работе доказывается, что если ковариантный функтор :F Comp Comp→  слабонормален и 

( )( ) ( )F n Xφ φ≤ , то для любого бесконечного тихоновского пространства X имеют место неравенства 

( )( ) ( )nF X Xβφ ϕ≤ , ( )( ) ( )F X Xβ
ϖφ ϕ≤ , ( )( ) ( )F X Xβφ ϕ≤ , где { }, ,k pk n wφ π= . 

Ключевые слова: слабонормальный функтор; калибр; число Шанина; π-сеть. 
 
 
На Пражском топологическом симпозиуме 1981 г. В.В. Федорчук [1] поставил следующие общие 

проблемы в теории ковариантных функторов, определившие новое направление исследований в об-
ласти топологии:  

Как ведут себя те или иные геометрические свойства пространств при воздействии на них раз-
личными ковариантными функторами? 

Ковариантный функтор :F Comp Comp→  называется нормальным, если он непрерывен, сохра-
няет вес, пересечения и прообразы, мономорфен и эпиморфен и переводит одноточечное пространст-
во в одноточечное, а пустое множество – в пустое [2]. 

Ковариантный функтор :F Comp Comp→  называется слабонормальным, если он удовлетворяет 
всем условиям нормальности, кроме сохранения прообразов [3]. 

В работе [4] А.Ч. Чигогидзе доказал, что если нормальный функтор :F Comp Comp→ , где 
Comp  – категории всех бикомпактов и их непрерывных отображений, то его можно продолжить до 

ковариантного функтора :F Tych Tychβ → , где Tych  – категории всех тихоновских пространств и их 


