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где ( ),tξ μ  и ( ),tη μ  – остаточные члены рядов (6). 
Теорема 1. Если имеют место предположения относительно функции ( )f ⋅  и задача Коши (10) и 

подобные задачи, получаемые в последующих приближениях, имеют единственные решения, то по-
следовательности оптимальных управлений на [ ]0,h  определяются равенствам (13) и другими равен-
ствами, получаемыми в последующих приближениях. 

Теорема 2. Если имеет место теорема 1, то существуют постоянные 1 2,с с  и μ такие, что при 

00 μ μ< ≤  и 0 t h≤ ≤  справедливы неравенства 

( ) 1, ,t cξ μ ≤   ( ) 2, .t cη μ ≤  
Поступая аналогичным образом можно решить задачи синтеза для интервалов 

[ ] ( ),2 ,..., 1 ,h h n h nh T− =⎡ ⎤⎣ ⎦  и получить последовательность управлений и критерия качества: 

( ) ( ) ( )( ) ( )( )2 2,..., , ,..., .h nh h nh
N N N Nu t u t J u t J u t  
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УДК 517.97 (575.2) (04) 

OPTIMUM CONTROL IN THE PROBLEM OF MINIMIZATION OF HARMFUL IMPURITIES  
IN THE ATMOSPHERE BY PONTRYAGIN’S MAXIMUM PRINCIPLE  

AND SPHERICAL HARMONICS METHOD 

Ramiz Rafatov  

Protection of the environment from the industrial pollution is one of the most actual problems of modern sci-
ence and engineering. This paper is devoted to the investigation of the problem, related to the disposition of 
industrial objects, which provides the minimal pollution of nearby economically important objects. It is sup-
posed that all of the industrial objects in the given region throw out respective quantities of the harmful impu-
rity in the atmosphere.  

Key words: The problem of minimization; Integral-differential equation; Optimality Conditions; Principle of the 
maximum; Harmonics method equations. 
 
 
1. Statement of the problem 
Consider the area G of n–dimensional space nR  with a border Г, which has a form of cylinder with 

bases 0 , HΓ Γ  and lateral surface lΓ . We assume that r industrial objects are located in the points 
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1 2( , ,..., ), i 1,2, , ri i i i
nx x x x= = …  of G, and throw out ( ) ( ), 1,2,...,ip t i r=  harmful impurities in the atmos-

phere. As a result, we come to the following problem setting [1].  
It is given the integral-differential equation of the pollution matter diffusion of the r industrial objects, 
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Here, ( , , )t xψ υG  is a concentration of the impurity particles located in the point 1 2( , ,..., )nx x x x=  at the 

moment t and having a velocity 1 2( , ,..., )nv v v v=
G , 

1 2

( , ,..., )
n

grad
x x x
ψ ψ ψψ ∂ ∂ ∂

=
∂ ∂ ∂

 is a vector-gradient, 

1 2( , ,..., )nv v v v= ∈Ω−
G  is a velocity vector, satisfying to the continuity condition 
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υ
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∂
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∂∑G , and  

nv  = 0 at 0nx =  and nx H= , that is on 0Γ  and HΓ  ( 0Γ  and HΓ  are the bases of the n – dimensional cyl-

inder G), Ω is a sphere of unit radius in nR  described by the equation 2

1
1

n

i
i

v
=

=∑ , σ, λ are the positive con-

stants describing the medium nG R⊂  where harmful impurities diffuse, ,η ξ  are the coefficients of a “hori-
zontal” and “vertical” turbulent exchange. 1 2( , ,..., )nx x x x=  is a spatial point of the area G, ( ), , ,t x v v′Θ  is 
the function describing dispersion of the harmful impurity particles, ( ) ( ),i ix x v vδ δ− −  are the Dirac’s δ-

functions, ( )m Ω  is the area of the surface of a unit sphere Ω in nR  [2]:  
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The non-stationary integro-differential equation (1) must be supplemented with the boundary  
conditions 

00 0( , , ) ( , ), ( ) 0,t
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x
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where nG  is a normal unit vector to the external side of surface Г of the cylinder G. 
Factor α in the condition (2), in the case of three-dimensional space 3R , characterizes a probability of 

the substances, laid-down to the ground surface, to get back into the atmosphere. Condition (3), in the case 
of n = 3, means that the particles which leave the domain G, do not return back into the this area. 

The problem is to find such functions ( ) ( ), 1,2,...,ip t i r= , on which the functional 
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reach the least possible value. Here ( , , )t xψ υG  is the solution of the problem (1)–(3), Т > 0 is defined, 

1( , )xψ υG  is the known function from [ ]1,0
2W G×Ω , ( )0, 1,2,...,i const i rβ = > = .  

Admissible controls are the various functions ( )1 2, , ..., rp p p p=  from [ ]2 0,rL T . The control 

( )1 2, , ..., rp p p p= , which gives the solution of the considered problem, will be called the optimal and de-

noted by ( )0 0 0 0
1 2, , ..., rp p p p= . 

 



Теория управления и методы оптимизации динамических систем 
 

 
102 Вестник КРСУ. 2010. Том 10. № 9 

2. Optimality Conditions  
To determine the optimality conditions, we give some admissible increment ∆ p = (∆ 1p , ∆ 2p , …, ∆ rp ) 

of the control p and denote by ψΔ  the corresponding increment of the function ( ), ,t x vψ . It is obvious that 
the function ( ), ,t x vψΔ  is the solution of the boundary-value problem [ ]2   

2
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By the direct calculations we find that the functional [ ]J p  (see (1.4)) has the increment 
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Let's consider the arbitrary function ( ) 0,1,0
2, ,t x v WΦ ∈ . Then, obviously that the next equality takes a 

place, 
2 21
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Denoting the left hand side of this equality by [ ],A pΦ , we obtain  
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Integrating by parts, we transform the equality (2.4) to the form of  

0
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Here nvGG  is a projection of the vector vG  to the unit vector nG .  
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Up to now ( ), ,t x vΦ  was the arbitrary function from [ ]( )0,1,0
2 0,W T G× ×Ω . Let's define it now as a 

generalized solution of the boundary-value problem 
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Taking into account (5), (6), (10), and (11), the equality (9) can be simplified. Namely, the second term 
at the left side in (9) vanishes due to (10). Because of the third equality from conditions (6) and the second  
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In view of the last condition from (6) and a penultimate condition from (11), the equation (9) takes the 
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From this, by virtue of the last condition from (11), it follows that the increment [ ]J pΔ  of the mini-
mized functional from (7) is transformed to the form of  
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Now, applying a technique of the work [3], the following theorem can be proved. 
Theorem (principle of the maximum). Necessary and enough condition of optimality of the admissible 

control ( )0 0 0
1 ,..., rp p p=  and corresponding to it solution of the boundary-value problem (1)–(3) is a satisfy-

ing by the functions 
Hi(Φ(t, ix ,υi),ψ,pi)=pi Φ(t,x i,υ i) - βipi

2,  i=1,…,r (13) 
of the conditions  

Hi(Φi
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where ( ) ( )0 0 , , , 1,2,...,i i
i t x v i rΦ = Φ =  is the solution to the boundary-value problem (10)–(11) subject to 

0ψ ψ= . 
3. Construction of optimal control 
For the optimal control construction, first we assume, that no restrictions are imposed on the domain of 

admissible control parameters. Then it follows from (13), (14) that optimal control ( )0 0 0
1 ,..., rp p p=  must 

satisfy the conditions  
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Thus, the problem of construction of optimal control is reduced to the determining of ( )0 0 0
1 ,..., rp p p= , 

0ψ and 0Φ  from the equations (1)–(3), (5), (6) and (10), (11). 
For the simplicity of reasoning henceforward, we assume that n = 3 and then 1 2 3, ,x x x y x z= = = , and 

the unit velocity vector in this case is 1 2 3( , , )v v v v=
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will investigate the boundary-value problem (10)–(11), where, in accordance with [3, 4], we assume 
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We apply the spherical harmonics method to equation (17). For that, we consider the system of spheri-
cal functions [4]:  
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are the attached Legendre polynomials [4, 5, 7–9]. It is known, that functions (20) and (21) satisfy the 
orthogonally conditions of on the interval [–1, 1], 
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Solution of the equation (17) will be found in the form of  
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where ,m m
k kС S are determined by formulas (19)–(21), and ,m m

k kA B  are unknown functions of arguments  
t, x, y, z. 

The system of spherical functions (19) forms the orthogonal functions on the unit sphere and complete 
function set in the Hilbert space. Therefore any continuous function ( ), , , , ,t x y z ϕ θΦ  can be decomposed on 
the spherical functions to any accuracy. In the decomposition (25), coefficients are defined by means of the 
integrals 
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Now, the equation (17) can be presented as  
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Equation (28) can be reduced to the system of differential equations with respect to 
( ), , 0,1, 2, , 0,1, ,m m

k kA B k m k= =… … . For that, we multiply the equation (28) in turn by 
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tegrate with respect to angular variables φ and μ in the limits from 0 up to 2π and from –1 up to 1, respec-
tively. The following recurrence relation from [4, 5] are used: 

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( )( ) ( ) ( )( ) ( )

1 1

2 1 1
1 1

2 1 1
1 1

2 1 1 ,
11 ,

2 1
11 1 1 2 ,

2 1
0 1

m m m
k k k

m m m
k k k

m m m
k k k

k P k m P k m P

P P P
k

P k m k m P k m k m P
k

m k

μ μ μ μ

μ μ μ μ

μ μ μ μ

+ −

+ +
+ −

− −
− +

+ = − + + +

⎡ ⎤− = −⎣ ⎦+

⎡ ⎤− = + + − − − + − +⎣ ⎦+
≤ ≤ −

 (29) 

So, we multiply (28) by ( ) ( )0
k kP Pμ μ=  and integrate a result with respect to variables φ and μ. Then, 

by virtue of the first of the formulas (26), we get  

( ) ( )
2 1 2 1 0

0 0

0 1 0 1

k
k k

Ad P d d P d
t t t

π π

ϕ μ μ ϕ μ μ
− −

∂∂Φ ∂
= Φ =

∂ ∂ ∂∫ ∫ ∫ ∫   (30) 
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Thus, we have found a transformation of the first term in the equation (28). 
The second term of this equation will be equal to 

( ) ( )
2 1

2 0 1 1
1 1

0 1

11 cos
2 1k k kd P d A A

x k x

π

ϕ μ ϕ μ μ + −
−

∂Φ ∂
− = +

∂ + ∂∫ ∫   (31) 

Here, we used the first two formulae in (26), and the second identity from (29): 

( ) ( ) ( )

( ) ( ) ( )

2 1 2 1
2 0 1 1

1 1
0 1 0 1

2 1 2 1
1 1 1 1

1 1 1 1
0 1 0 1

11 cos cos
2 1

1 1cos cos
2 1 2 1

k k k

k k k k

d P d d P P d
x x k

d P d d P d A A
k x k x

π π

π π

ϕ μ μ ϕ μ ϕ μ μ ϕ μ

ϕ μ ϕ μ ϕ μ ϕ μ

+ −
− −

+ − + −
− −

∂Φ ∂ ⎡ ⎤− = − Φ =⎣ ⎦∂ ∂ +

⎡ ⎤∂ ∂
= Φ − Φ = +⎢ ⎥+ ∂ + ∂⎣ ⎦

∫ ∫ ∫ ∫

∫ ∫ ∫ ∫
 

The third term is treated by the similar way, 

( ) ( ) ( )

( ) ( )

2 1 2 1
2 0 1 1

1 1
0 1 0 1

2 1 2 1
1 1

1 1
0 1 0 1

11 sin sin
2 1

1 sin sin
2 1

k k k

k k

d P d d P P d
y k y

d P d d P d
k y

π π

π π

ϕ μ μ ϕ μ ϕ μ μ ϕ μ

ϕ μ ϕ μ ϕ μ ϕ μ

+ −
− −

+ −
− −

∂Φ ∂ ⎡ ⎤− = − Φ =⎣ ⎦∂ + ∂

⎡ ⎤∂
= Φ − Φ⎢ ⎥+ ∂ ⎣ ⎦

∫ ∫ ∫ ∫

∫ ∫ ∫ ∫
 

As a result, we have  

( ) ( )
2 1

2 0 1 1
1 1

0 1

11 sin
2 1k k kd P d B B

y k y

π

ϕ μ μ ϕ μ + −
−

∂Φ ∂
− = −

∂ + ∂∫ ∫  

Now, we consider the fourth term of that equation. We use the first identity from (28) for m=0: 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ){ }

2 1 2 1
0 0 0

1 1
0 1 0 1

2 1 2 1
0 0 0 0

1 1 1 1
0 1 0 1

1 1
2 1

1 11 1
2 1 2 1

k k k

k k k k

d P d d k P kP d
z k z

k d P d k d P d k A kA
k z k z

π π

π π

ϕ μ μ μ ϕ μ μ μ

ϕ μ μ ϕ μ μ

+ −
− −

+ − + −
− −

∂Φ ∂Φ ⎡ ⎤= + + =⎣ ⎦∂ + ∂

⎧ ⎫∂ ∂⎪ ⎪= + Φ + Φ = + +⎨ ⎬+ ∂ + ∂⎪ ⎪⎩ ⎭

∫ ∫ ∫ ∫

∫ ∫ ∫ ∫
 (32) 

The fifth, sixth, seventh and eighth terms contain constant coefficients, therefore they are transformed to 
the following expression, 

2 02 2
0 0

2 2 2
k

л k
AA A

x y z
σ η ξ

⎛ ⎞ ∂∂ ∂
− + + +⎜ ⎟∂ ∂ ∂⎝ ⎠

  (33) 

Now we consider the next term,  

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

2 1 1
0 0 0 0 0 0

0 00 1 1

0 0 0

0

2 1 2 2 1
8 8

2 22 1 2 1 0,1,2,...
4 2 1 4 2 1 2

k i i i i i k i
i i

i
i i k k k k k

i

d P i g P A d i g A P P d

i g A k g A g A k
k k

πλ λϕ μ μ μ π μ μ μ
π π

λ λ λδ

∞ ∞

= =− −

∞

=

+ = + =

= + = + = =
+ +

∑ ∑∫ ∫ ∫

∑
 

Combining the formulae (29)–(33) and 0

2 k kg Aλ , we obtain the system with respect to 0 1 1, ,k k kA A B , 

( ) ( ) ( )( )
0

1 1 1 1 0 0
1 1 1 1 1 1

2 2 2
0 0 0

2 2 2

1 1
2 1

0 , 0,1,2,...
2

k
k k k k k k

k k k k

A A A B B k A kA
t k x y x

g A A A k
x y z

λ σ η ξ

+ − + − + −

⎧ ⎫∂ ∂ ∂ ∂
+ − + − + + + +⎨ ⎬∂ + ∂ ∂ ∂⎩ ⎭

⎛ ⎞∂ ∂ ∂⎛ ⎞+ − + + + = =⎜ ⎟⎜ ⎟ ∂ ∂ ∂⎝ ⎠ ⎝ ⎠

  (34) 
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Let's multiply now equation (28) by ( )cosm m
k kC P mμ ϕ=  for ( )0,1, 2, , 0,1, ,k m k= =… …  and integrate 

the result with respect to φ and μ from 0 to 2π and from –1 to 1, respectively. As a result, the first term takes a 

form of m
kA

t
∂
∂

. To find expression for the second term, we use the second and third of identities (28). 
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ПОСТРОЕНИЕ ФУНДАМЕНТАЛЬНОЙ СИСТЕМЫ РЕШЕНИЙ  
УРАВНЕНИЯ ХИЛЛА 

И.К. Карасаев 

Строится фундаментальная система решений уравнения Хилла. 

Ключевые слова: уравнения Хилла; матрица; конегномерное пространство. 
 
 
Построению фундаментальной системы решений уравнения Хилла в настоящее время посвяще-

но много статей, но ни в одной из них не была сделана попытка построения фундаментальной систе-
мы решений. В данной статье этот пробел в теории устойчивости был устранен.  

Рассмотрим уравнение относительно y [1]  

( )1 0,A yμ
→ →

=  .Gμ∈  (1) 

1 1Im ,
: 2 2

Re ,
G

μ

μ

⎧− ≤ ≤⎪
⎨
⎪−∞ < < +∞⎩

 

где матрица A1 ( )μ  имеет вид: 


