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PEI'YJISIPU3ALIUS PEINEHUSI HEKJIACCUYECKOI'O HEJIMHEMHOTI'O
HUHTETPAJIBHOI'O YPABHEHUS ITEPBOTI'O POJA

C.M. Yorwoexos, H.T. Mycmaghaesa

AHHOmMauyus. PaccMoTpeH napameTp perynspusaummn Ans peLleHns NMMHeNHOro MHTerpansHoro ypasHeHns Bonsteppa
nepeoro poda. YpaBHeHve Bonbreppa nepBoro poga — 3TO MHTerpanbHOe ypaBHEHWe, KOTOpoe MMEEeT TOo4Hoe
peLleHne TONMbKO B HEKOTOPbIX criyyasx. MNpeaen nHTerpupoBaHusi 6bin NpoBedeH B 04eHb HEBOMbLUMX KonmMyecTBax rno
HeKNaccu4eckrM NMHEVHBIM U HENMMHENHbIM MHTErpanbHbIM YPaBHEHUSAM C MepeMeHHbIMU npegenamu. MNoctpoexne
peLUeHunii B 9TUX paboTax OCHOBaHO Ha YMCNeEHHbIX MeToAax. Lienb nccnenoBaHnsi — NOCTpPOEHWE perynsipuanpyioLLero
onepaTtopa 1 Bbibop napameTpa perynspusauuun. NocTpoeH perynspuavpytowmin onepatop no M.M. JlaBpeHTbeBy
W [pokasaHa Teopema eduMHCTBEHHOCTW. [lpeanoxeHHble MeTodbl MOXHO WCMoMb3oBaTb ANs  MCCneaoBaHus
WHTerpanbHbIX, MHTErpo-anddepeHLManbHbIX ypaBHEHWUI TUNa MHTErpansHoro ypasHeHWs Bonsteppa nepsoro poaa,
a TaKkKe Npu Ka4eCTBEHHOM MCCeA0BaHNN HEKOTOPbIX MPUKNaAHbLIX MPOLECCOB B 006NacTy n3nKK1, TEXHWUKN, IKOMOruu,
MEAULIMHBI, reoPU3NKN, TEOPUN YNPaBIEHNS CIIOXKHBIMU CUCTEMAaMMU.

Knoyesble criosa: MHTEerparnbHble ypaBHEHUA; UCKOMadA beHKLl,I/IH; €ANHCTBEHHOCTb; NepeMeHHbIe; Manbin napameTp;,
ycnosue; NpoCTPaHCTBO.

BUPUHYMU TYPIAOTI'Y KTACCHUKAJIBIK DMEC CBI3BIKTYY O9MEC
HUHTETPAJIIBIK TEHAEMEHHU YbITAPYYHY KOHI'© CAJIYY

C.M. Yorwoekos, H.T. Mycmagaeea

AHHomauyusi. BupvHuM Typaery cbi3blKTYy MHTErpanabik Bonsteppa TeHOEMECHH Yblrapyy YUYH XeHre canyy napamerpu
kapanat. bupuHum Typgery Bonbreppa TeHOoemecu avipbiM ydyprnapga raHa Tak ublrapbibillbl 6ap MHTErpangbik
TeHaeme. VIHTerpaums yern esrepynmMe Yektepu 6ap Knaccukarnblk 3MEC ChI3bIKTYY XaHa CbI3bIKTYy 3MeC UHTerpangblk
TeHOemenep 6otHYa eTe a3 caHfa xypryayngy. byn amrektepoe macenenepau Ty3yy CaHObIK MeTOAO0pPro
HernsgenreH. M3aungeeHyH MakcaTbl — XeHre carnyydy onepatopgy Ty3yy XXaHa XeHre carnyy napamMeTpuH TaHZoo.
M.M. NaBpeHTbeB OOKOHYA XKOHre canyyyy onepatop Ty3ymnym, Xanrbi3ablk Teopemachkl ganungeHreH. CyHywitanraH
meTopdopAy BonbtreppauH GvpuHUM Typaery uHTerpangablk TEHAEMECUHUH TUOUHAErM WHTErpanaplk, UHTerpangblk-
anddepeHumanblk TeHAeMeNepam U3nnaee Y4yH, oLoHA0N ane ur3nka, TEXHMKA, KOMNOorus, MeauumHa, reopumanka,
TaTaan cuctemanapgbl 6alikapyy TeopusiCbl aaTblHAarbl alpbiM KOMAOHMO MpOLECcCTepAn canatTbik 1M3ungeene
KongoHyyra 6omor.

TylyHOyy ce3dep: WHTerpangbik TeHAemenep; Tanan KbifblHraH (YHKUUS; Kanrbl3ablk; ©3repmenep; KUYMHeKeN
napameTp; WwapT; MENKUHAMK.

REGULARIZATION OF THE SOLUTION
OF A NON-CLASSICAL NONLINEAR INTEGRAL EQUATION OF THE FIRST KIND

S.M. Choyubekov, N.T. Mustafaeva

Abstract. The article regards a regularization parameter for solving the linear Volterra integral equation of the first kind.
The Volterra equation of the first kind is an integral equation that has an exact solution only in some cases. The limit of
integration has been carried out in very small quantities on non-classical linear and nonlinear integral equations with
variable limits and the construction of solutions in these works is based on numerical methods. The aim of the study is
to construct a regularizing operator and select a regularization parameter. The regularizing operator according to M.M.
Lavrentiev is constructed and the uniqueness theorem is proved. The proposed methods can be used for the study of
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integral, integro-differential equations such as the Volterra integral equation of the first kind, as well as for the qualitative
study of some applied processes in physics, engineering, ecology, medicine, geophysics, and the theory of control of
complex systems.

Keywords: integral equations; desired function; uniqueness; variables; small parameter; condition; space.

Kupumyy. MaTerpanasik TeHaAEMENIepINH TCOPHUSIIBIK O0IYTY KONITOreH SMIEKTEPIC OKYITYyIl, H3MUIACH-
reH. Aran aiiTkanza, [1] sxymyiura “Bonbsreppa THOMHIEIH OUPUHYN TYPIAOTY UHTETPAIABIK TEHIEMEIEePIUH
CaH/BIK YeuuMM KapairaH [2—6] smrekrepie BosbreppaHblH MHTErpajiblk TEHIEMEJIEPUH YEUYYHYH ap
TYPAYY JXKojmopy Kapanrad [7] xymymTa JIMOIMIMUTHH MIapTTapbl MEHEH KJIACCHUKAJIbIK dMEC HWHTerpal-
JbIK TEHAEMEJEpAU YeUMMM YUYyH Peryspu3alusiioo oneparopy Typrysyirad [8] skymyiura Bosasreppa-
HbIH OMPHUHYM TYpIery MHTErpajJblK TeHIEMECUHHMH YeuuMH Kapairad [9] xymymra Bonbreppanbin Ou-
PUHYH TYpAerY WMHTETPAIIbIK TEHAEMECHHUH YE€UMMHHE PEryisipu3alnusiioo mnapameTp Typrysynrad [10].
Y3rynrykey3 QyHKuusuiap MEMKMHUTUHE OUPUHUYM TYPAery UHTErpaiblK T€HJEMEHUH YEUUMU KOHYHIO
Kapajaras.

Byn smrexre BombreppaHblH OMPUHYM TYPAOIY CBI3BIKTYY 3MEC KJIACCHKAIBIK 3MEC HHTErpajiblK
TCH/ICMECUHIH YeUNMHUHUH KaJTbI3/IbITBl KAPaJIIbL.

MacesieHUH KOIOJIyIIy. TOMOHKY TEHAEMEHH Kapabl:

1

[ K@, s,u(s))ds = f(t); t €1,,T] (1)

a(t)
mempa a(t) € Clt,, T1, a(t) =t,, a(t) <t, f(t) dyaxmmsce [7,, T] xecunmucunne xana K (%, s, u(s))
pyakmusacer G ={(2,8): 1, <t <T, a(t)<s<t} (r <t a(r) < a(t)) aiimarsmna 6epunren QyHKIH-

sanap.
u(t) — [t,, T] xecunaucunne nznenyyuy QyHKIus.

Macesienu yeuyy. TOMOHKY [IapTTap aTKAPLICHIH:
1° Tsopiuk 6apasik f € [£,, T] yayn a'(f) > 0 xana a(t) € C'[1,,T];

20 dukcupnenren f € [t),T] yayn, K,(2,5) € Lla(?),T] xana pspmux 6apasix f € [#), T] yuyn
K (t,t)2m>0;

30 Vt,r, (t>7) yuyn xama OGapmeik (7,5),(7,5) € G yuyn |K0(t, 7)— K, (s, r)| <L |t - S|,
L, > 0 —const .

40 Bapapik (t,7,u,), (s,7,u,), (t,7,u,) KaHa (s,7,u,) e Gx R Y4YH
|K\(t,7,u) — K\ (s,7,u,) — K, (t,7,u) + K (s, 7,u)| < L
V(t,u) € [t), T1x R yayn K,(t,t,u) = 0 xana K (e ' (#),t,u) =0, ¥(t,5) € G yayn K,(t,5,0)=0

(1) Teanemene
K(t,s,u(s)) = K, (2, s)u(s) + K, (¢, s, u(s))

KepyHyImyHe O0osicyH. AHna (1) TeHIeMe TOMOHKY KOPYHYIITY ajar:

t—8||u, —u,, L > 0 - const .

j K, (¢, s)u(s)ds + j K, (t,s,u(s))ds = f(t); t t,,T] 2
a(t) a(t)

Byn (2) Tenneme MmeHeH Oupre
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ev(t,g) + j K, (@, s)v(s, e)ds + j K, (t,5,v(s,¢))ds = f(t) + cu(ty); t €[t,,T] 3)
al(t) a(t)

TEHJIEMECUH KapailJibl, MbIH]IA O<ex<l KaHAAAbIp KUUMHEKEH mapameTp.

AHBIH YeUUMUH

v(t,6) = u(t) + 51, ¢) (4)
KOPYHYIIYHI® u3zieiian, mpinaa U(?) (2) Tennemenun yeunmu, a £(7, €) Genrucus GpyHKIus.

(4) yeunmu (3) TeHIEMETE KOFOII, OUp TOT ©3TOPTYII TY3YYJIOpAY Kypry3ym [8—10], ToMeHKY TeHIeMeH!
aa0pbI3:

a(r) a(r) t
&t,8) = | Hy(t,7,0)i(r, )dr + [ H\(t,7,8)E(z,e)dr + [ Hy(t,7,8)E(z, 8)d7 +
ty toy a(t)

a(t) a(r)
+ [ Ny(t,7,u(2), &z, ), )dr + | Ni(t,7,u(r), &(z, 2), )dr +

1o L}

+ j N,(t,7,u(r),&(z,¢),e)dr + U(t,¢); t €1, T] Q)
a(t)

93 605100y3. MbIHIA

1 —é 71} Ky (s,s)ds
Hy(t,7,6) ==K (a"'(r),7)e ' ; (6)
&
1 Lk 1 —% li Ko (s.5)ds
H(t,r,e)=——e * [Ko(1,7) — Ko(z,7)] +—e " [Ko(t, 7) - K, (o' (), r)] -
& &
19 LKy (errrae
-~ [ Ky(s,s)e [K,(t,7) - K,(5,7)]ds ; (7)
1 —%} Ky (s,5)ds
Hz(t,r,g)z—ze i [Ko(t,r)—KO(r,T)]—
1 Liky(rrrydr
- [ Ky(s,9)e = [K,(1,7) - Ky(s,7)]ds ; (8)
1 —é 71} Ky (s,s)ds
Nyt r,u(r),&(r,6),6) =—e " [K,(t,7,u(r) + &(z, ) - K, (2, 7,u(7))]; )
&

1 %} Ky (5,5)ds

N[(ta 7, M(T), 5(73 5)3‘9) =——e " [Kl(ts 7, LI(T) + 6(79 ‘9)) - K[(ta 7, H(T)) -
&

ail(r) —ltK 7,7)dr
K (rru(@) + £ o)+ K (nru@)] - = | Ky(s.sle @ K () +
8 T
+§(Tv 8)) - K] (S7 T’ U(T) + §(T> ‘9)) - Kl (t’ T! U(T)) + KI (Sa Ta M(T))]ds : (10)
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- }KO(S,S)

o dX[Kl(t,r, u(r) +&(z,¢)) -

—K,(r,r,u(r) + &(z, ) — K, (t,7,u(7)) + K (7, 7,u(7))] -

N,(t,r,u(r),&(r,¢),¢) = —le
£

LK K o) + e, -

—K (s, 7,u(r) + (7, 8)) — K (¢, 7,u(r)) + K, (s, 7,u(7))]ds ; (11)
'éj’("(s’s)ds 14 Liky(riryde

Ulte) = utt) —uw)le ™ =—[Ky(s,8)e " [ult) - u(s)lds . (12)

OMU HErus3ru KeIUbIHTHIKTapra ete0ys. [9, 10] sMrexTepae naiauieHIeH JieMMallapabl MaijalaHblIl,
[-nemMMaHbl Januiaeecy3 KeITHPEIH.

1-1emma. 1°-2° maprrap opyH ancbin xana U(f, &) (¢ > 0) ¢ynxuumscer (11) popmyna MeHeH aHbIK-
TaJICBIH. AHAA:
1) arepne u(t) € Clt,,T], 60nco, anna [#,, T'] xecunnucunne

1
||U(t, 5)||C < 3||u(t)||c e +a,E")=Cie); 0<p<l, (13)

6aanoo Tyypa 60510T, MpiHAa @,(0) = ‘Su‘p |u(t ) — Ll(s)| ;
1-s|<6

2) Drepue u(t) € C’[¢),T], 0 < y <1 Gonco, anna

||U(t, s)”c <GCre, (14)
|u(t) — u(s)|

p JLES

6aanoo Tyypa Gonor, mpiza C, = su |7

; G = Ie'mfry_ldr,
1,5elt 0.7 |t _s 0

2-nemma. 1°-3° sxana 4° maprrap arkapsuicen sxana N (f, 7,u(7), (7, ¢), &), N,(f,7,u(r), &(7, €), €)

xana NV, (t,7,u(r), &(7, €), &) dynxuuanaps Tuemenyy Typae (7), (8) xana (9) hopmynanapsl MEHEH aHbIK-

TaJIChIH. AH/Ia TOMOHKY 0aanoosiop Tyypa 0oJoT:

D) [Nyt e u(e), £z, £),0)] < 2E |z, )

- : (15)
-1

2) [N, (1, ,(0), 6,00, ) < (€5 27 4D (5,0 : (16)

3) [Nyt 7, u(e), £z, £), 6)| < %Icf(r, o). (17

Hanuanee. JlemmanapsiH maprrapsia ocke anyy meHeH (9), (10) xana (11) ¢popmynanaper 6aanooro
ete0y3 (9) neH:

t
| Ky(z,7)dr
-1

L
Ny (.7, u(2), £z, £), )| = ée o K (o) + ) -
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K, (a(7), 7, u(r) + E(z,€)) — K (t,7,u(z)) + K, (a”'(7), 7, u(z'))| <

1 Zu-a'y)
<—ec

Lit—a @) £, 0)| < supe ™ [e(r, | L < e e(r, o).

(15) Gaanoo nanuIIeHIN.
(10) nen:

IN,(t,7,u(z), £z, ), 2)| < %e’:(”)l,l(t - 0)|Er, )| +

. 1 ik (eene
1< LIV u=t-s, dv=—Ks,s)e * s,
t ] K,(s,5)e = Li(t - 5)|&(z, ¢)|ds = € . <
r ——[ Ky (z,7)d7
du = —ds, v=e
1 —lj{K (z,7)dr —a(r 1 0!71(1') —l}K (z,7)dt
< £sup[e*'””v] +—(f-s)e = = S s <
m v=0 & = r
-1

Le™ t—a'(z) Du-a@) t—1 -Mu-0) @ {0 m
S{ — +l{ @) + e +h I e ds |£(z, )| <

m £ £ & 7

-1 m _ m -1
e L ¢ -Zao'@y Lo e

= {lﬂ —+ 2L sup(e™v) + —-—(e * -e’ )}|§(f, &) < ﬁ(— +2e7 +1)[&(z, 8);

m v>0 Em m m
(17) 6aanoo mamunieHIu.
(11) Ten:

1 —éJ‘KO(r,r)dr 1 —éJ‘KO(r,r)dr
N2t u(@), 0,2 < —e T L= 0fi )]+ [Ki(s s)e x
1 —l_fl( (z,7)d7
u=t-s, dv=—Kys,s)e * ' s,
xL (1 = 8)|&(z, )| ds < 3 =
7lj Ky (z,0)dr

du = —ds, y=e

1 1l

1 —le (z,7)dr 1 —[ Koy (7,7

=—e L(t-7)|é(r,e)|+=e © ' g
8 g S=7

L -9 e

1)‘
—[ Ky (z,7)d

1 t - t om
+;L1J.e“ ds|g(r,g)|s%jef

s < ﬁ|§(r, 2.
m

(17) 6aanoo manmumuaenau. Jlemek 4-ieMma JaluiIeH .
Teopema. 1°-4° maprrap OpyH aJChIH KaHa

_ M(T—1y)
B = 1€ v <1

OoncyH. MbiHa

B |K, (v, a(v))] @'(v)
}/0 = Sup )
velty,T1 KO (v,0)

-1
M= iy B e i),
m m m
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Anpa: 1) srepze (1) renneme Clt,, T] meiikunauruane u(f) yeunmre 33 Gonco, anga & = 0 ymryn-
ranga, (2) tengemenun V(Z,&) weunmu, Cl[f),T] mopmacwl Goromua, U(f) ueunmuHe >KblifHAmaT skaHa
TOMOHKY

M (T -t

o) b
Blu@®)].e " +w, ("], (21)

vz, &) - u(a)], < e1 -

0aanoo Tyypa.
Msiaza w,(¢”) = sup |u(t) - u(s)| ;
B

[t-sl<e
2) srepae (1) uarerpanasik Tenaeme C7[#,, T], (0 < y < 1) meitkungurunne 4(f) yeunmre 33 6omco,
auna ¢ — 0 ymrynranna, (2) rennemenun V(, &) weunmn, Clfy, T] meiikunnurunua Hopmacsl GoroHYa,

u(t) yeunMuHe KbIIHATIAT KaHA TOMOHKY

(T,

o)
GC e, (22)
1

(2, &) — u(®)|,. <

oM
1
Oaasioocy Tyypa.
i u(t) —u(s
Meinna €, = J.efmrﬂ’ldr, C, = sup M
0 t,s¢elty, T |t _ S|7

HJamumgee. 1-nemma, 2-meMMa jkaHa 4-TeMMalapiblH Herw3WHAC (5) HHTErPaNAbIK TCHICMEICH
TOMOHKYT® 33 00J100Y3:

1

a(t) a(t)

& o) < [ |Hy (7, 0)|[é,e)|de+ [ |H, (7, 0)||é, 0)|de + [ |H, (1,7, 0)|[é(z, 2)|dr +
1 ty a(t)

a(t) a(t)

+ [ [Ny, 7, u(2), £z, 8), 0| dr + [ [N,(t,7,u(z), &(z, 6), 2)| d +

b Nyt r (), 6o, 2,00 o+ UG, s 1 <1, T

a(t)

m

a(t)
5,2 < 7o [ )], + [ FRQe + 1)+ %] E(c, 6)| dr +

a(t) -1 -1
+ I [LIL +£(e—+ 2 +1) + £]|§(r, 5)| dr+U(t,¢e) telt,T].
m m

;oom om
0

Mbeinpan Vi € [f,, T] yayn

[, &) <7 5@ 2|, + [ M |5z, 2)] de +|U @, )]

fo

OapabapchI3abITbIH anabbi3. MbiHA

-1
M=l iy B3 1),
m m m
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byn Gapabapce3abikka [poHoynn—benmanasin Oapadapchi3IbITbIH KONJAOHYI, TOMOHKY OapabapchI3-

JBIKTBI aJa0bI3:

6@, )l < re™ ™ e, o). + " U )

MperHas 1-reMMaHbiH Heru3uH/Ie (22) KeIuM ubiraT. 1-Teopema JaiuiIeHIn.
Kopyrynny
Perymnsipuzanusuioo ydyH mapameTp TaHjgairaH. Perynspusanusuioouy oneparop M.M. JlaBpeHTheB 60-

IOHYA TYPTy3yJIraH )KaHa KaJTbI3bIK TEOPEMAaChl JaIUIIICHTCH.

10.

[Moctymmna: 25.10.2023; peuenzuposana: 10.11.2023; npunsta: 12.11.2023.
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