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YUCJIEHHBINA AHAJIN3 CXOAUMOCTU NPUBJIWKEHAN
OIITUMAJIBHOI'O YITPABJIEHUSA U OIITUMAJIBHOI'O ITPOLECCA
B 3AJIAYE HEJIMHEWHOW ONITUMU3AIIAA YIIPYTUX KOJEBAHUM

Y.9. lyitmenanuesa

MpoaHanuanpoBaHbl BONPOCH! BAUSIHUSI NapamMeTpoB 3a4ayn Ha CKOPOCTb CXOAUMOCTU MPUBNIKEHHBIX PELUEHUA MO-
AernbHON 3a4ayy ONTUManbHOMo YNpaeneHus ynpyrumu KkonebaHnamu ¢ uHTerpanbHbIM onepatopom ®pearonbma B
cnyyae, Korga (yHKUMS BHELUHEro BO3NEeNCTBUSI HENUHENHa NO yNpaBreHWIo U NpUnoXeHa K NoABWMXHOW Touke. [pu
BbIBOJE OCHOBHbIX TEOPETUYECKMX Pe3ynbTaToB YCTAaHOBMEHO, YTO UHTErpanbHbIn onepatop ®dpearonbma CyLecTBeH-
HO BnMsieT Ha NocTpoeHne 0606LLEHHOTO peLleHns KpaeBon 3aaun ynpaBnsemoro npouecca, onTuManbHOro ynpas-
NeHns n ero NpubMXeHnn, oNTUManbHOro fMpoLecca 1 ero NPUBNMXEHUN, a TaKkke Ha CKOPOCTb CXOAUMOCTU Mpu-
6nvxeHnin Bo Bcex criydasx. [Mpu YmcneHHbIX pacdetax obHapyKeHo, YTO M Apyrve napameTpbl 3ajayv BRUSOT Ha
CyLLIeCTBOBaHME MOMHOrO PeLleHns 3a4ayn HEMMHENHOW ONTUMM3aLIMKN N HA CKOPOCTb CXOAMMOCTM ero NpuBnmKeHui.
PesynbraThl YUCNEHHbIX pacyeToB NpuBeAeHbI B Buae Tabnu,.

Knrouessle criosa: kpaeBasi 3afaya; 06006LLeHHOe peLleHre; 0606LLEHHBIN (hYHKLMOHAM; UHTerparbHbIA onepartop; Ko-
A PULMEHT CXRUMaeMOCTV; ycrnosue Jlunwuua; onepaTopHoe ypaBHeHWe; NpUbnimkeHne No pe3onbBEHTE; KOHEYHO-
MepHOe NPUGNXKXEHUE; CXOOAUMOCTb.

CEPIIMJITUUTYY TEPMEJIYYJIOPAY CBI3BIKTYY OMEC OITUMAJIJAIITBIPYY
MACEJIECUHAE OIITUMAJIAYY BAIIKAPYYHYH ’KAHA OIITUMAJLAYY NPOOECCTHUH
JKAKBIHJIBIT bIHBIH KAMTAJTAHMAJIY YJIVI'YHA CAHJIBIK TAJIJIOO XKYPI'Y3YY

Y.9. lyinmenanuesa

Byn makanaga maceneHvH napameTtpriepuHnH ®pearonbm MHTErpanablk ONepaTopy MEHEH UAKEMAYY TepMenyynepay
onTumanayy balukapyyHyH MoAenank MacenecuHH Gormkonayy YeuMmaepyHUH XakblHAalyy blngamabireiHa TURrM3-
reH Taacupy XeHYHAe Macernenep ThilKbl TaacUpAuH yHKUMSICH Gallukapyyna Chi3blkTyy amec 6onyn, KbIMMbInayy
YeKWTKe XaKblHAATKaH yyypaa Tangooro anbiHraH. Hernsrm Teopusinbik XelbIHTBIKTapae! Ybirapyyaa Ppearonsm uH-
Terpanablk onepaTopy Galukapbinyyyy NpoLecCTMH YETKM MaCeNecuH xannbinan Ysirapyyra, ontuMangyy alukapyyra
XaHa aHblH XaKkblHAALLyynapbiHa, onTMManayy NpoLeccKe aHa aHblH XaKblHAaLlyynapbiHa, OLOHAOW ane Gapaplk
ydyprnapga xakblHAALTbIPYYHYH blfigamabirbiHa onyTTyy TaacuMpuH Tuiirnaepu GenruneHreH. Canabik acenTteenepne
CbI3bIKTYY 3MEC ONTUManAALLUTLIPYy MaceneCUHWH TONYK YblrapbifbllibiHA KaHa aHbIH XakblHAALYY bingamabireiHa Ma-
cerneHuH Gallka napamMeTprepy aa TaacupuH TUIArM3epy aHblkTanraH. CaHabik 3CenTeenepayH HaTblxanapbl Tabnuua
TYpyHAe GepuireH.

TyliyHOyy ce30ep: YEKTUK Macere; )annbinaHraH YblirapbinbiLl; JKanmnbinaHraH (yHKUMOHaN; MHTErpanablk oneparop;
KbICbINyy KOAMMULUMEHTH; JINNWNLTUH LapTbl; onepaTopayk TeHaeme; pe3onbBeHTa BGOoloHYa XXaKbIHAATYY; YeKTyy-
enyemayy XakblHA0O; XKaKbIHAaLLYY.

NUMERICAL ANALYSIS OF THE CONVERGENCE OF THE APPROXIMATIONS
OF THE OPTIMAL CONTROL AND THE OPTIMAL PROCESS
IN THE PROBLEM OF NONLINEAR OPTIMIZATION OF ELASTIC OSCILLATIONS

U.E. Duishenalieva

The article analyzes the influence of the parameters of the problem on the rate of convergence of approximate solutions
of the model problem of optimal control of elastic oscillations with the Fredholm integral operator in the case when the
external action function is nonlinear in control and is applied to a moving point. When deriving the main theoretical
results, it was found that the Fredholm integral operator significantly affects the construction of a generalized solution
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to a boundary value problem of a controlled process, optimal control and its approximations, an optimal process and its
approximations, as well as the rate of convergence of approximations in all cases. Numerical calculations revealed that
other parameters of the problem affect the existence of a complete solution to the nonlinear optimization problem and
the convergence rate of its approximations. The results of numerical calculations are presented in the form of tables.

Keywords: boundary value problem; generalized solution; generalized functional; integral operator; compressibility
coefficient; Lipschitz condition; operator equation; approximation by resolvent; finite-dimensional approximation;
convergence.

BBenenue. B padorax [1-3] npuBeieHpl OCHOBHBIE TEOPETHUYECKUE BBIBOJIBI, TOyUYSHHBIE TTPH PEIICHUN
3a7a4d TOYEYHOTO IOJBIKHOTO YIPABICHHS YIPYTUMHU KOJCOAHHSIMU, OMHCHIBAEMBIME (PEATOIEMOBBIMU
UHTErpo-Iu(GepeHINaNbHEIMA ypaBHEHUSIMA. Hrke BBIMTHCAHBI OCHOBHBIE HEOOXOAMMBIC (OPMYINEI, CO-
[JIACHO KOTOPBIM ITPOBOAMIINCH YUCIIEHHBIE PACUETHI.

Pesynprarel mpuBeneHBl B BUE TAOMHI, KOTOPHIE MO3BOJIAIOT aHAJIH3HPOBATh 3aBUCUMOCTH CKOPOCTH
CXOIUMOCTH MPUONTIKEHHBIX PEIICHIH 33/1a41 HETMHSHHOW ONTHMU3AINN OT MapaMeTPOB 3aIa4m.

Iocmanoexa nenuneliHou 3a0a4y ONMUMUZAYUY C PABHOMEPHO PACHPeOeNeHHbIM MOYeUHbIM YIpasie-
Huem. PaccMoTpuM 3a/1auy, rae TpeOyeTcss MUHUMH3HPOBATh 00OOIICHHBIN KBaIpaTUYHbINA (yHKIIMOHAT BHIA

I[u]=J‘[\/(T,x)—§(x):|2 abc+,3j‘p2 [t,u(t)]dt, 0<pB<Il. (1)
Ha MHOYKECTBE PEIIEHHM KpaeBo 3a1a4uu:

V,=V_+ A]‘K(t,r)V(r,x)dz' +g(x)d(x —x,) fIt,u(®)], 2

V(0,x)=y,(x), V,(0,x)=y,(x), 0<x<l, 3)

V.(,00=0, V.(t,D+aV(1)=0, 0<¢t<T, 4

e u(t) — Gynkuus ynpasnenus, Gynkius g(X) , umeromas 06061IIEeHHY0 NPOu3BoaHy0 g (X) , YIOBIETBO-
pset yenosuto g(1)=0,

YucneHHbIe pacyeThl ObUIN BBITOJIHEHBI IPH CJISIYIOIINX TAHHBIX:

1. T=1

2. ®OyHKIWUM HAYAJIBHOTO COCTOSIHUSA

2.1. y,(x) =sinzx;

1 1
A S 1 1 1. 11
"wxmewj)_gsm ﬂxdx—Eiﬂ—meZﬁﬂdx—E(x—azstﬂx)O—Ey

2.2. ¥,(x) — HavanbHas CKOPOCTh, MOJOKHM ¥,(x)=0, T. e. konebanue HauMHAeTCs O3 HAYANb-
HOM CKOPOCTH:

AW

3.6(x) =

4. B=0,6.
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1

1 5
_ 2 [ 20dr= [t =] =L,
5. g =xs 2@, = !g (x)dx = !x “=3| =5
3 2 212 300 9., 38l
x:—; X, = (X = —_ = (— = —_—
177 g (%) =(x5) [(4)] (16) %6
6. OYHKINS BHEIITHETO UCTOYHUKA
Vs T T
6.1. f|t,u(®)|=barcctgau(t)——, ——<——<barcctgau(t) ——<—<—;
fltu®] g()226 g()262

6.2. |/[ru®]] 1( Flu@))di= J:(barcctgau(t) - %)2 dt < ! (%)Zdt - ;’—;T <w;

H(0,T)

re. flou®]e HOT);  |flLu],,., ”[
ba
maxﬁ,[t,u(t)]:‘ @] =[bal= 1,

7. @OyHKIUSA KpUTEPHS KadecTBa
7.1 p[t,u(t)] = arctgau(t), —% < —% < arctgau(t) < % < E;

2
i\

AB: ——< <— a>0;

npu @ —> 0 unTepBan AB pacimpsercs 10 —o0 <u <00, [PU d —> %0 HHTEPBAJ CyKaeTcs 10 Touku u = 0.

7.2, [plt.u®l 0., :g;
73. pltu)=——5—;
(au()) +1

74 |pltu@] = plevOl 0, < 2o @ =)0, 20 = @
8. =0,4,0=0,8, =12, a=16, a=2,0.
9. B cuity BTOporo yciaoBHs OITUMAILHOCTH [1], umeem: u,(f) = (p[t,q(t), /3]
arctgau(t) - S
pltu()]p,[tu()] P & (@@’ +1_ f . au(t) = (1)
£, [u(2)] b p ST
(au(t))’ +1

0] BB B 1, b0 B
/‘3) olt,q®),f] = » <u(l)<3a:> 3a< tg 5 <3a‘

u’(t) =——1g(

a
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NE) . ~ ~ b 4 m _bq(t) =
||¢[lz<1(l)aﬂ]||H(O,T) ﬁgT <o ¢, (B)=9,[1.9@1), B]1= aﬁcosz(@) < 3 —g<7<g-
B

Koadpdunment cxxarus y Haxomum 1o Gpopmye [1]:

2 2
7/:4\/?[1 A°K,T 1

PN

) Sow (B) <1

4b 160°T 11
— . y= 4fc0(—+—)b Co(—5+-).
3a bﬂ 3af 3B A6

Ha npakTuke 3Ha4eHUs apaMeTpoB €, A, B, T BEIOMpaeM Tak, 4TOObI BBINOIHSAIOCH HEPABEHCTBO y</,
MIPH 3TOM 3HAYCHHS Y CYIIESCTBEHHO BIMSIOT HA CKOPOCTh CXOMUMOCTH NPUONMKEHHUH, T. €. eClH Y OIU3KO

K HYJIFO CKOPOCTb YBCINYIUBACTCA, €CIIN Y OImKe K CANHUIE, TO CKOPOCTh 3aMCJISACTCH.

npu fy=a, ¢(f)=

Tabnuna 1 — CTenens BAMSHUA SIpa UHTEIPAIBLHOIO OIepaTopa Ha KO3(QQUIMEHT CKUMAEMOCTH Y

K, 1.01 1.02 1.03 1.04 1.05
S 2.017233 2.097614 2.109318 2.110691 2.114401
4 0.539378 0.329053 0.253811 0.215766 0.193396

1. Cxooumocms npubnudicenuil pewieHus onepamopHozo ypasrenus. B padorax [1, 2] Obu10 ycTaHOBIIE-
HO, 4TO PEIlIEHHE ONEePaTOPHOrO YPaBHEHHUS

=36, (T,r,Z)[hn —IE (T..2) f[(r.q (7). ﬂ)}dr}

n=1

CTPOUTCA METOAOM MOCJICAOBATCIIbHBIX HpI/IGHI/I)KeHI/II\/'I 1o cnez[y}omeﬁ CXCMC:

q, = G[qH] =h-G, [q,H]; n=123,... n=1,273,..., ¥ TOUHOE pPELICHNE ONPEAEIAECTCA MO POpMyJIe

qn ([)”H(OT) < 1}:_||G0 [h(t):|||H(OT) ’

q° (t)=1limg, (t) . Umeet MecTo OleHKa "qo (1)- p

n—»0

e Gy[h(D) =Y G, (T'1,2) [E.(T,7,2)f1r.q(), Bldz .

AK,T? 1 1 1z
|G th O], <4TC " Py W))(ﬂ] IO, <N Gt 3T =
T I 1
= 4TECO(F+E) < o0,
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Tabnuia 2 — 3aBUCUMOCTh CKOPOCTH CXOIMMOCTH TPUOIMKECHUI PELICHHS OTIEPAaTOPHOTO YPaBHEHHS
0T COOCTBEHHBIX 3HAYECHUH KpaeBoOH 3a/1auu

o' 0=0.01,.,,
n
A, =0,593243 4,=0,791034 A, =0,917845 A, =1,008421 A, =1,076873

1 14.874167 3.800441 1.132038 1.398015 1.092004
2 8.022798 1.250546 0.287324 0.301644 0.211189
3 4.327321 0.411496 0.072926 0.065085 0.040843
4 2.334062 0.135404 0.018509 0.014043 0.007899
5 1.258942 0.044555 0.004698 0.003030 0.001528

1I. Cxooumocms npubnudiceHuil onmumanvHozo ynpaeienus. B padore [3] mokazaHo, 4TO CXOAUMOCTb
MpUOJIMKEHUH ONTUMAJILHOTO YIPABJICHUS YIOBIETBOPSIOT OLICHKE:

||u0(r>—un(t)|| s||<o[t,q°(r>,m—<o[z,qn(r>,m|| <o (Ba’®O-4,0)|

H(0,T) H(0,T) H(0, T)

||q ) -q,0)

H(0, T)

Tabnuua 3 — 3aBUCUMOCTbH CKOPOCTH CXOAMMOCTHU NPUONMIKEHUH ONTUMAIILHOTO YIIPaBICHUS
0T cOOCTBEHHBIX 3HAYEHUH KPaeBOH 3a1auyl U OT IIapaMeTPOB 3aJa4u

"u0 (1)~u, (t)”H(O,T)
n
A, =0,593243 4, =0,791034 A, =0,917845 A, =1,008421 A, =1,076873

1 33,053704 8,445424 2,515639 3,106701 2,426675
2 17,828441 2,778991 0,638497 0,670323 0,469309
3 9,616269 0,914435 0,162058 0,144633 0,090762
4 5,186804 0,300897 0,041132 0,031207 0,017553
5 2,797648 0,099011 0,010440 0,006733 0,003395

1II. Cxooumocmuv npubnudicenuii onmumanvHoeo npoyecca. B padore [3] mokazaHo, 4to m—IpuoIrKe-
HUE ONTUMAIBHOTO IPOIECCa IO PE30JIbBEHTE YAOBIETBOPSET OIICHKE:

VT, x)-V"(T,x)| <C (A)(IAI—“K(’TQY’,
H(Q) ,11

e

1 1
C(A) = AWK, T* (1= ——=)BT v, N0, + 502 O, +
In| 4@ A

+2g}1¢||f O o+ a=1- )

H (0, T)
1n|i|T\£1F°
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e -rra, x)"H( <,y \/(3T

T 256 36 2

—) -h", m

=1,2,3,...

Tabnuia 4 — 3aBUCUMOCTh CKOPOCTH CXOIMMOCTH M—TIPUONMKEHUS ONTUMAIILHOTO MpoIecca
0T COOCTBEHHBIX 3HAYECHUI1 KpaeBOH 3a/1a4K U OT apaMeTPOB 3aJa4H

Vo) -v"(t
n ro-r o), <
2,=0,593243 | 4, =0,791034 A =0,917845 A =1,008421 A =1,076873
1 0,030637 0,092372 0,171145 0,173450 0,179339
2 0,000519 0,008215 0,016865 0,017286 0,018410
3 8,79224E-06 0,000731 0,001662 0,001723 0,001890
4 1,48946E-07 6,49725E-05 0,000164 0,000172 0,000194

B pabore [3] nmokazaHo, 4to m, k—TpuOIMKEHHE ONTUMAIBHOTO MPOLIEcca C YYETOM NPUOIIKEHUS Ofl-
TUMAJIBHOTO YIIPABICHHS yIOBIETBOPSIET OLICHKE:

<G 0 -u 0

k—)O, Vm = 1,2,3,...,
H(0,T) —®

P

A K,T? (1 1)
1+ ) —+— ,

(n -V

"V”’(t, x)-V" (t,x)"H(Q)

rne C, D= 2Tg(x, )fo

[0 -vr @), , <278t s o ls A —>||u (0) =, )

9 I 1y
- gT ’ a\/@”u (0) (Z)"H(o,n '

Tabmuna 5 — 3aBUCUMOCTh CKOPOCTH CXOAMMOCTH NPUOIMKEHUI m, k—ipubiamkeHne onTHMalIbHOTO Ipolecca
OT cOOCTBEHHBIX 3HAYEHHUI KPAaeBOH 3a1a4y ¥ OT MapaMeTPOB 3a7auu

H (0, T)

@ -v x| <
n
4, =0,593243 4 =0,791034 A =0,917845 4 =1,008421 4, =1,076873
1 9,160001 1,828029 0,478225 0,117491 0,402684
2 4,940703 0,601518 0,544528 0,117491 0,077877
3 2,664906 0,197931 0,121379 0,025351 0,015061
4 1,437392 0,065130 0,030807 0,005470 0,002913

B pab6ore [3] mokazaHo, 4TO m,k,7 — KOHEUHOMEPHOE NPUOIIKEHHE ONTUMAIIHOTO MPOIIecca YOBIET-
BOpSET OLICHKE:
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VI (tx) =V (@, x)" 2K (m 2

o e

)
e 1
(s G0y + 28 GO O], ) 2 Fﬂ 0, Ym,k=1,23,..

n=r+l 7Y

|-y @), o < 16 O[AQ o lZ /12}2<
9% 1 r+l;

<{6¢,[1+——T1] — 2,

allt S =

Tabnuia 6 — 3aBUCUMOCTh CKOPOCTH CXOIMMOCTH HMPUOIIKEHUI m,k,I—~KOHEYHOMEPHOTO PUOITHKECHUS
ONTHMAIILHOTO TIPOIecca OT COOCTBEHHBIX 3HAYCHUI KPaeBOil 3a71a4 U OT apaMeTPOB 3a1a4u

. [ ) - v x| <
A4,=0,593243 | A,=0,791034 | 4,=0,917845 | 1 =1,008421 A =1,076873
1,697251 1,730736 1,735558 1,736123 1,737648
1,039350 1,059855 1,062808 1,063154 1,064088
0,800092 0,815877 0,818150 0,818416 0,819135

B pa6orte [3] nokazaHo, uTo m,k, r—IIpUOIMKEHUE CXOIUTCS K ONTUMAILHOMY MPOLIECCY M0 HOPME THIb-
OeproBa npocrtpancTsa H(Q):

rwo-vr @), <[ ex-rre)

H(Q)
|y x) - )

H(Q)
+r -y, —0.

H(Q) H(Q)  mkroe

Tabmuna 7 — 3aBUCUMOCTh CKOPOCTH CXOJMMOCTH HPUOIMKEHUI ONTHMAJIBHOTO IpolLecca
0T cOOCTBEHHBIX 3HAYEHUH KPaeBOH 3a1aull U OT ITapaMeTPOB 3aJa4u

AR =

n
A, =0,593243 4,=0,791034 4, =0,917845 A, =1,008421 A, =1,076873
10,887888 3,651137 2,384927 2,454100 2,319670
5,980572 0,326351 1,201051 1,197930 1,160375
3,465007 1,669588 0,850619 0,845489 0,836086

BobiBoabl. AHaNN3 NaHHBIX, TPUBEJCHHBIX B Tabnuiax 1—7, MOATBEPKIACT TECOPETHUESCKUE BHIBOIBI, TIO-
ny4yeHHble B paboTax [1-3]. Hanpumep, BnusHHE MHTErpalbHOTO orneparopa dpearoiibMa Ha YCIOBHE CHKU-
MaeMOCTH MOXKHO IMPOCTICTUTH MO0 YUCICHHBIM MMOKa3aTensaM TaOmuIpl 1. BiusHue ocTanbHBIX apaMeTpoB
3a7a41 Ha CKOPOCTh CXOJMMOCTH MPUOIMKXCHUH MOXKHO MPOCIEANUTH MO CTPYKTypaM (OPMYII, COMTACHO KO-
topeim Berauciensl C(4) u C, (1) .
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